The calculation of the lateral earth force using the limit equilibrium method of slices is an indeterminate problem. An assumption regarding the direction or the magnitude of certain forces, or the position of the line of thrust can be used to render the problem determinate.
Introduction
The lateral earth force theory was first introduced more than 200 years ago by Coulomb in 1776 (Golder 1948) . Since then, a number of methods to determine lateral earth forces have been developed. The theories of elasticity and plasticity have also made contributions to the calculation of lateral earth force (Hansen 1953) . The soil-structure interaction process has been further understood through experimental and field research (for example , Terzaghi 1934; Tschebotarioff 1979) . The classical theories such as the Coulomb and the Rankine theories are limited by the assumptions used in their derivations. Many more rigorous theories are complex in their application.
The limit equilibrium method of slices has been widely used to analyze slope stability problems. The principles of limit equilibrium used for analyzing slope stability can also be used to analyze lateral earth force problems (Janbu 1957 (Janbu , 1973 Morgenstern and Eisenstein 1970) . In general, the lateral earth force problem is indeterminant. Janbu (1957) used an assumption regarding the point at which the interslice forces act (i.e., the line of thrust) to resolve the indeterminancy problem.
On the other hand, Shields and Tolunay (1973) utilized an assumption concerning the direction of the interslice forces in computing passive pressure coefficients. The various methods of limit equilibrium for slope stability can be embraced in a general limit equilibrium method (GLE) of slices as proposed by Fredlund et al. (1981) . In this paper, the general formulations of the GLE method for lateral earth force computations are presented. An assumption regarding the general direction of the interslice forces is required in the derivation.
A version of the SLOPE-I1 program at the University of Saskatchewan, Saskatoon (Fredlund 1981) , was modified in order to enable lateral earth force calculations in accordance with the GLE method. The results of the calculations presented in this paper were obtained from this version of the SLOPE-I1 program.
Definition of variables
The GLE method assumes an arbitrary slip surface and the soil mass above the slip surface is divided into vertical slices as shown in Fig. 1 . The definition of each variable is given in the List of symbols.
A number of slip surfaces can be considered in either the active or passive case. The slip surface that gives the maximum active force or the minimum passive resistance is considered to be the critical slip surface.
The general formulation derived in this paper is applicable to any shape of slip surface. The use of a curved slip surface affects the critical value of lateral earth force more significantly for the passive case than for the active case (Terzaghi and Peck 1967) . This is of particular concern when there is significant wall friction. Many theories use a composite slip surface involving a curved and a straight line portion to analyze the passive case. In this paper, the active and passive forces were computed using a fully circular slip surface.
General limit equilibrium for lateral earth force The magnitude of the shear force mobilized on the base of a slice is computed according to the Mohr-Coulomb failure criterion:
where c' = effective cohesion intercept, 4' = effective angle of internal friction, on = total normal stress (i.e., P I / ) , u = pore-water pressure, and F = factor of safety (the factor by which the shear strength of the soil must be reduced in order to bring the soil mass into a state of limiting equilibrium along the assumed slip surface).
The factor of safety is assumed to be the same for all slices. In the active and passive cases, the factor of safety is set equal to 1.0 because the shear strength is assumed to be fully mobilized. However, a factor of safety greater than 1.0 could also be used for design purposes. In the active case an upward shear force is mobilized along the slip surface, because of the downward movement of soil mass. The shear force mobilized acts downward in the passive case, because the soil mass is moved upward.
The normal stress distribution along the slip surface and the location of its resultant are unkowns. The lateral earth pressure distribution along the retaining structure and the location of its resultant are also unknowns.
The three static equilibrium equations that can be used are the summation of forces in two directions and the summation of moments about a specified point. These equations of static equilibrium and the Mohr-Coulomb failure criterion are insufficient to render the lateral earth force problem determinate. An assumption regarding the direction or magnitude of some of the forces, or the position of the line of thrust can be used to resolve the indeterminancy problem. The GLE method utilizes an assumption regarding the direction of the interslice force in formulating the method for lateral earth force calculations.
Magnitude of the resultant force
All of the formulations derived in this paper are applicable for slopes facing either to the left or to the right. However, the lateral earth force computations presented herein use a slope that is facing to the right. The lateral earth force is calculated as an external line load applied at the last slice, which is the right-end slice (Fig. 2) .
The analysis is commenced by summing forces vertically on each slice to compute the normal force on the base of the slice:
FIG. 2. Forces acting on the last slice where the lateral earth force acts.
where m, = cos a + sin a tan + ' I F . The terms in the <,T*2H271-f normal force, P, is computed by setting the interslice shear forces, X, to zero and assuming an initial value for the lateral earth force, Q. On subsequent iterations the interslice forces and the lateral earth force are calculated for each iteration. The horizontal equilibrium of forces on each slice is used to compute the interslice normal forces. [3]
The term [A] is only applied at the extremities of the slip surface if there is an external water force. The interslice ton 8
shear forces are obtained using an assumption regarding the direction of the interslice force. The interslice force direction is described by an arbitrary interslice force function, f (x) (Morgenstern and Price 1965) :
where f ( x ) = a mathematical function that describes the relationship between X and E across the slope and X = a Q = {C P sin cx -C S , cos a earth force can then be computed:
The horizontal component of the lateral earth force
can be expressed as + Q sin wl l,yl}/Q cos wl + q~ and its vertical component can be written as
The inclination angle, w l , is dependent on the wall friction angle, 6, and the inclination angle of the wall.
When the wall is vertical the inclination angle wl equals 6.
Point of application
The lateral earth force has been assumed as an external force applied at the last or right-end slice. Therefore, its horizontal position (i.e., x coordinate) is implicitly assumed to act at the right edge of the last slice. Hereafter, the point of application refers to the vertical position (i.e., y coordinate) of the lateral earth force.
The points of application of the interslice forces are computed from the summation of moments about the
Interslice force function
The interslice force function is used to render the lateral earth force problem determinate. The interslice force function should be selected such that the boundary conditions and the failure criterion along the slip surface are satisfied. The state of stress within the soil mass should also be kinematically possible (Morgenstern and Price 1965) . Figure 3 shows possible interslice force functions that might be used in the lateral earth force analysis. The resultant of the interslice forces approximates the tangent of the inclination angle, 6, at the boundary between the soil mass and the wall. At the other end where the slip surface cuts the horizontal ground surface, the at-rest stress condition would have approximately zero vertical shear stress. The shear distribution between these two ends can be estimated from theory of elasticity (e.g., finite element method) by considering the boundary conditions and the stress versus strain relationship of the soil (Wilson 1982; Fan 1983) .
Study has shown that the interslice force function has a greater effect for the passive case than for the active case (Rahardjo 1982; Rowe 1963) . Therefore, the shape of the interslice function is more important in the passive case.
Coefficient of lateral earth force
The coefficient of lateral earth stress, K, is the ratio of horizontal to vertical stress in a soil. A hydrostatic lateral earth stress distribution with K equal to 1.0 results in a magnitude of lateral earth force of ipgU2 for cohesionless soils, where p = total mass density of the soil, g = acceleration due to gravity, and H = height of the retaining structure. In actuality, the magnitude of the lateral earth force can be smaller or greater than i p g~* depending upon the failure mode (i.e., active or passive) and the wall friction developed. The magnitude of lateral earth force will be expressed as a ratio of ipgH2 (Janbu 1957; Shields and Tolunay 1973) . This ratio was investigated for cases of a horizontal backslope of cohesionless soil and a vertical wall.
In order to study the effect of wall friction angle, 6, on the coefficient of lateral earth force, some analyses are presented using various combinations of soils and wall friction angles.
Example problems
The active and passive cases for a cohesionless backslope (4' = 30") against a vertical wall (6 = 10") are used to demonstrate the computation of the coefficient of the lateral earth force. The soil unit weight, pg, was taken as 20kN/m5. The geometries used in the active and passive cases are described in Fig. 4 .
For one combination of +' and 6, a number of slip surfaces were investigated. All circular slip surfaces used in the computation were forced to pass through the heel of the wall. The interslice force function used in the active case was a triangular function (i.e., No. 2 on Fig. 3a) . This function was selected mainly for its simplicity. However, different functions (Fig. 3a) result in little differences in the active coefficients computed.
In the passive case, a zero interslice force function was used which assumes that the wall friction decays rapidly to zero with increasing distance from the wall. This assumption was proposed by Rowe (Lee and Moore 1968) and is considered to give the lowest passive resistance value. Shields and Tolunay (1973) also used this assumption in calculating passive pressure coefficients. It is possible that a more critical passive resistance could be obtained by using the interslice force function No. 3 in Fig. 3b (Rahardjo 1982) . However, the reasonableness of this function for the passive case still requires further investigation.
Contours of lateral earth force
The lateral earth forces obtained from a number of slip surfaces need to be investigated in order to find the critical slip surface. A grid of centers of rotation with the corresponding lateral earth forces should be plotted as shown in Fig. 5 for the active case and in Fig. 7 for the passive case. Contours of lateral earth force can be plotted on this grid of forces. Contours of both the active and passive forces exhibit a bell shape for the contour lines. The contours are narrow close to the slope and widen at distances away from the slope. The center of rotation, which has the maximum value of active force and is enclosed by the maximum contour line, is considered to be the critical slip surface was used to compute the coefficient of active lateral earth force:
where Qa = the active lateral earth force and Ka = the coefficient of active lateral earth force. The coefficient of the horizontal component of the active lateral earth force, Kah, can then be expressed as [I I] Kah = Ka cos 8 center Of rotation (XoyYo). On the other the The coefficient of passive lateral earth force, K,, can minimum value of passive resistance surrounded by the be in a form similar to that of (i.e., Kp = minimum contour line is considered to be the critical Q p / i t p g~2 ) ; and the coefficient of the horizontal passive force. These procedures were also performed for component of the passive force, K ,~, can be written in a other examples with different 4' and 8 values.
form similar to [I 11 (i. e., Kph = Kp cos 8).
Presentation of analytical data
Comparisons with other methods of analysis The maximum active force obtained from the critical he coefficients of lateral earth force computed from the GLE method are compared with the coefficients obtained from other theories. Table 1 presents the coefficients of active force, Ka, obtained from the GLE method (i.e., circular slip surface) and the Ka values obtained from the Coulomb theory (i.e., planar slip surface, Jumikis 1962), and from Krey's method (Tschebotarioff 1979 ) (i.e., curved slip surface). Table  1 shows that the three methods give essentially the same results for different cases of soil and wall friction angles.
Comparisons of the coefficients of the horizontal component of passive force, Kph, are presented in Fig.  9 . In these comparisons, a fully circular slip surface was used to compute the Kph values by the GLE method while a composite slip surface was used for theories other than the Rankine and Coulomb methods. The composite slip surface starts with a curved line from the toe of the slope. At some distance from the wall the slip surface becomes a straight line that intersects the soil surface at an angle of (45" -4'12). The curved line portion is a logarithmic spiral (Terzaghi and Peck 1967; Janbu 1957; Shields and Tolunay 1973) , an ellipse (Caquot and Kerisel 1948), or a circle (Krey 1936) . Figure 9 shows that the results from the GLE method agree closely with most of the results from other theories. The GLE method, however, gives somewhat different passive pressure results to the Shields and Tolunay method. This difference can be attributed to the different shapes of slip surface used in the GLE and in the Shields and Tolunay methods. In addition, Shields and Tolunay selected a specific slip surface based on the soil and wall friction angles. This produces the critical slip surface for a homogeneous, cohesionless backfill against a vertical wall. However, no solution was proposed for the location of the critical slip surface when a complex geometry, cohesive soil, and/or pore-water pressure are considered.
A convergence problem is encountered when the wall friction angle, 6, approaches the friction angle of the 
4'
soil, 4'. In other words the soil friction angle, +', becomes a limiting value for the wall friction angle, 6. This difficulty can be partly attributed to the shape of the slip surface which might not be completely compatible with the zero interslice force function and the high wall friction. Figure 10 shows the locations of the critical centers of rotation for the active case for different combinations of soil and wall friction angles, 6/+'. This relationship shows that the location of the critical slip surface becomes closer to the slope as the wall friction angle increases. In other words, the wall friction angle results in an increase in the curvature of the critical slip surface. More pronounced effects of the wall friction angle on the curvature of the slip surface can be observed for the passive case as presented in Fig. 11 . This phenomenon can also be explained if the radius of the critical slip surface is plotted against the wall friction angle as shown in Fig. 12 . The decrease in the radius is more significant in the passive case (Fig. 126) compared to the active case (Fig. 12a) as the wall friction angle increases. Therefore, disregarding the curvature of slip surface in the passive case produces a more significant error than in the active case. 
Location of point of application
The point of application of the lateral earth force for the critical slip surface was computed according to [9] . In both the active and passive cases, the point of application becomes lower when the wall friction angle increases as shown in Fig. 13 . The reason can be visualized from [9] . Firstly, the active lateral earth force, Q,, decreases and passive lateral earth force, Q,, increases as the wall friction angle, 6 , increases. Secondly, the wall friction acts upward in the active case (i.e., w, is negative) whereas in the passive case, the wall friction acts downward (i.e., o, is positive). Thirdly, the interslice force function also influences the point of application. For example, in the passive case the interslice function No. 1 (Fig. 3b) angle increases. The lowering of the point of application in the passive case as presented in this paper can be attributed to the use of the zero interslice force function.
Summary
The general formulations for the magnitude and point of application of the lateral earth force are presented. The statics of force and moment equilibrium, together with an assumption regarding the direction of the interslice forces, are used in the formulation. A factor of safety can be applied to the shear strength of the soil.
Contours of the lateral earth force on the grid of centers of rotation exhibit a bell shape and can be used to locate the critical center of rotation. The curvature of the critical slip surface is shown to increase with an increase in wall friction angle. This characteristic agrees with many lateral earth force theories and has a more pronounced effect in the passive case than in the active case.
The fully circular slip surface does not produce a significant difference in the coefficient of active lateral force when compared to the planar slip surface.
However, this is not the situation for the passive case. The shape of slip surface, and the interslice force function used in the computation, can alter significantly the coefficient of passive force. The circular slip surface gives results which are in good agreement with most other theories that use a composite slip surface.
The GLE formulation can be applied to any shape of slip surface provided the computer program can accommodate the shape of the slip surface. In addition, complex geometries and different pore-water pressures and loading conditions can also be accommodated using the GLE method. A factor of safety other than unity can also be used for design purposes.
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